Abstract. The complexification of a compact Lie group, endowed with a biinvariant Riemann metric, inherits a Kähler structure having twice the kinetic energy of the metric as its potential, and Kähler reduction with reference to the adjoint action yields a stratified Kähler structure on the adjoint quotient. We explore the singular Poisson-Kähler geometry of the adjoint quotient and the corresponding singular Kähler quantization on the reduced level.
Introduction
Given a smooth manifold M endowed with an action of a compact Lie group K, the action lifts to a hamiltonian action on the (total space of the) cotangent bundle T * M in an obvious fashion. The reduced space at zero momentum is then a stratified symplectic space. In recent years various attempts have been made to understand the singular structure of this reduced space; for example, unless there is a single stratum, the strata are not cotangent bundles on strata of the orbit space of M . In this paper we will elucidate the singular structure somewhat explicitly for the special case where M is K itself, endowed with the conjugation action. Such reduced spaces arise in mechanics, and the total space of the cotangent bundle on a compact Lie group with symmetry coming from conjugation is the building block for certain lattice gauge theories. Quantization on the symplectic quotient of a space of the kind T * K may provide a step towards understanding quantization of certain constrained systems. We shall comment on this below.
Using the polar decomposition of the complexification K C and a biinvariant Riemann metric on K, we may identify K C with T * K in such a way that the symplectic and complex structures combine to a Kähler structure. This is presumably folk-lore; some details and references are included below. Then the reduced space (symplectic quotient) N = T * K K may be identified with the adjoint quotient K C K C and thereby acquires a complex analytic structure which, when K is simple and simply connected of rank r (say), comes down to ordinary r-dimensional complex affine space. However, the reduced space has more structure: We recall that a complex analytic stratified Kähler space in the sense of [12] is a complex analytic space N together with a compatible stratified symplectic structure; the meaning thereof is that N comes with (i) a stratification which is finer than the complex analytic stratification and with (ii) a Poisson algebra (C ∞ (N ), {·, ·}) of continuous functions which, on each stratum, restricts to an ordinary smooth symplectic Poisson algebra in such a way that, on that stratum, the symplectic and complex analytic structures combine to a Kähler structure. Now, for general K, the quotient N is a complex analytic stratified Kähler space. Thus, symplectically or, more precisely, in the Poisson world, the quotient N is singular, even when K is simple and simply connected so that complex analytically N is just an affine space. For general K, Poisson brackets among the real and imaginary parts of holomorphic coordinate functions yield (continuous) functions which are not necessarily smooth functions of the coordinate functions; indeed, the singular structure on the reduced level is encoded in the Poisson bracket among (continuous) functions which are not necessarily smooth. An explicit example of such a Poisson bracket is given as (3.3.2) below.
For K = U(n), the unitary group, which is our guiding example, the reduced space (adjoint quotient) may be described in the following fashion: Complex analytically
is the space of complex normalized degree n polynomials λ n + a 1 λ n−1 + · · · + a n in the variable λ having all roots non-zero, i. e. a n = 0, and this space is isomorphic to C n−1 × C * in an obvious fashion. Indeed, the quotient map from K C ∼ = GL(n, C) to the space of polynomials sends a matrix in GL(n, C) to its characteristic polynomial, and the stratification of the reduced space is given by the multiplicities of the roots: Strata correspond to partitions of n; as a complex manifold, the stratum corresponding to the partition n 1 + · · · + n k = n is k-dimensional and consists of the polynomials
where
The stratified symplectic Poisson algebra (C ∞ N, {·, ·}) (the construction of which will be given later) turns, in particular, each stratum into a Kähler manifold. Moreover, the hamiltonian flows of the functions in C ∞ N sweep out the strata whence the decomposition of the reduced space is determined by the Poisson algebra. The stratified symplectic Poisson algebra is independent of the complex structure. It contains more functions than the ordinary smooth functions on N = C n−1 ×C * , viewed as a smooth real 2n-dimensional manifold. In (3.1) below we will show how the stratified symplectic Poisson structure on the adjoint quotient under discussion may be determined explicitly.
For K = SU(n), the adjoint quotient is the subspace of the adjoint quotient for U(n) which consists of polynomials of the kind λ n + a 1 λ n−1 + · · · + a n−1 λ + 1. Complex analytically, this is plainly just a copy of C n−1 , and the embedding (into the adjoint quotient for U(n)) is compatible with the (reduced) Poisson structures. For general K, the adjoint quotient of K C is homeomorphic to the orbit space of the complexification T C of a maximal torus T for the action of the Weyl group. In this fashion, as a Kähler quotient, T * K K arises from (the nonsingular Kähler manifold) T * T as the orbit space for the action of the Weyl group which is finite, and T * T may be viewed as a resolution of the singularities (as a Kähler space) of T * K K. As far as the real structure is concerned, the pair (T, W ) constitutes a cross-section in the sense of [21] (3.2), for the K-action on itself by conjugation, and this observation determines the real structure along the lines of [21] . The novelty of our approach is to incorporate the complex structure which, as we have illustrated above, leads to great simplification. For example, when K is semisimple, in the real description, the structure of the quotient as a complex affine space is clearly not visible since, as a real object, the space has singularities. This is illustrated in (3.3) below.
We conclude with a number of remarks related with quantization. For K = U(n), viewed as a symplectic manifold, the total space T * T of the cotangent bundle of a maximal torus T may be viewed as the unreduced classical phase space of n particles moving on a circle, and the quotient T * T S n may be interpreted as the reduced classical phase space of n indistinguishable particles on the circle; with a grain of salt, in the traditional interpretation, the lower strata of the quotient T * T S n , that is, in the above description, polynomials with multiple roots, somewhat correspond to collisions among these particules, but this should not be taken too far since the strata are not cotangent bundles on strata of the base. Thus, the unconstrained quantum system should involve a Hilbert space with an S n -representation and, according to the principle that quantization commutes with reduction, the subspace of S n -invariants should be the quantum state space for the system of n indistinguishable particles. In this fashion, the quantization of the constrained system of a single particle moving in U(n) with U(n)-symmetry given by conjugation leads to a system which is formally equivalent to that of n indistinguishable particles moving on a circle. In the final section, we shall elaborate a bit on these ideas in the framework of geometric quantization, leaving the details for later work. We note that this kind of description of the quantum system of n indistinguishable particles is not equivalent to the traditional bosonic Fock space approach where, instead of S n -invariants in the tensor product of n-copies of the Hilbert space for a single particle, the quantum state space is the n'th symmetric tensor power of the Hilbert space for a single particle.
Exploiting results in [22] , we plan to extend elsewhere the present approach to orbit spaces of n-tuples of elements from T * K. This is the typical situation in lattice gauge theory.
In the complex analytic setting, the adjoint quotient of the Lie algebra k and the fibers of the projection map have been explored in great detail in [19] . This quotient also inherits a stratified Kähler structure, and the exponential mapping induces a holomorphic map onto the adjoint quotient of the Lie group K C which is, in fact, compatible with the stratified Kähler structures. In particular, the stratified symplectic Poisson algebra for the group case is thereby realized (in a complicated fashion) as a subalgebra of the stratified symplectic Poisson algebra for the Lie algebra case, and the latter Poisson algebra has a somewhat simpler structure. It remains to be seen to what extent this observation casts additional light on the situation explored in the present paper.
The adjoint quotient
Let K be a compact Lie group, let k be its Lie algebra, choose an invariant inner product · : k ⊗ k − → R on k, and endow K with the corresponding biinvariant Riemann metric. Using this metric, we identify the total space of the tangent bundle TK with the total space of the cotangent bundle T * K. Thus the composite
of the inverse of the left trivialization with the polar decomposition map, which assigns
Then the induced complex structure on T * K combines with the symplectic structure to a (positive) Kähler structure. Indeed, the function
which is twice the kinetic energy associated to the Riemannian metric, is strictly plurisubharmonic and (the negative of the imaginary part of) its Levi form yields the cotangent bundle symplectic structure, that is,
where ϑ is the fundamental 1-form on T * K and ω the symplectic structure. An explicit calculation which establishes this fact may be found in [5] (but presumably it is a folk-lore observation). There is now a literature on related questions [4] , [20] , [29] .
The group K acts on itself and hence on its cotangent bundle via conjugation, and the latter action is hamiltonian and preserves the Kähler structure. The momentum mapping for this action is given by
where x ∈ K, where X x ∈ T x K is a tangent vector at x, and where X x x −1 ∈ k and x −1 X x ∈ k are the results of right and left translation, respectively, with x −1 . The Kähler quotient T * K K at zero momentum is a complex analytic stratified Kähler space in the sense of [12] . By general principles, complex analytically, the Kähler quotient amounts to the complex analytic (or complex algebraic) categorical quotient K C K C of K C with reference to the K C -action on itself via conjugation. This quotient, in turn, has a very simple structure: Choose a maximal torus T in K and let W be the corresponding Weyl group; then T C is a maximal torus in K C , and the (algebraic) adjoint quotient χ:
2) for this terminology, realizes the categorical quotient. Since W is a finite group, as a complex analytic (or algebraic) space, the quotient T C W is simply the space of W -orbits in T C . In case K is simple and simply connected of rank r (say), the Steinberg map 28] identifies the adjoint quotient with A r ; here χ 1 , . . . , χ r are the characters of the fundamental irreducible representations.
Theorem 1.4. When K is semisimple of rank r and simply connected, as a complex analytic space, the Kähler quotient T * K K is r-dimensional complex affine space.
When K is a general compact connected Lie group, with covering group K = K 0 × K 1 where K 0 is a torus of dimension s (say) and where K 1 is semisimple and simply connected of rank r (say), the adjoint quotient T * K K C decomposes as
and, complex analytically, the Kähler quotient T * K K C amounts to the quotient of (C * ) s × A r with reference to the induced action of the group of deck transformations.
Proof. Symplectically, the quotient is the orbit space µ −1 (0) K, and an observation of Kempf-Ness [17] and Kirwan [18] , cf. §4 of [23] , where the zero locus µ −1 (0) is referred to as a Kempf-Ness set, entails that the obvious map
from the symplectic quotient to the analytic quotient induced by the inclusion of µ −1 (0) into T * K is a homeomorphism in the ordinary (not Zariski) topology. When K is semisimple and simply connected of rank r, the Steinberg maps of the simple constituents assemble to a quotient map from K C to A r . When K is a general compact connected Lie group with covering group K = K 0 × K 1 where K 0 is a torus and where K 1 is semisimple and simply connected, it is not hard to see that the (categorical) quotient
C may be realized in the asserted fashion. Since the group of deck transformations is finite, the quotient is geometric, i. e. is an ordinary orbit space.
For K = U(n), the unitary group, the quotient K C K C amounts to the space of characteristic polynomials of automorphisms of C n spelled out in the introduction. Remark 1.5. In the algebraic category, there is a notion of stratified Kähler space where the corresponding real structure is phrased in the semialgebraic category.
Details have not been developed yet, whence we stick to the analytic category and refer to analytic (or Stein) quotients whenever appropriate. But this is not strictly necessary, and we could work with ordinary algebraic quotients.
The adjoint quotient T C W is stratified according to W -orbit types, and the closures of the strata are affine varieties. As a stratified symplectic space, the quotient
, cf. [12] . Here C ∞ (N ) is an algebra of continuous functions on N that are smooth on each stratum. A description of this Poisson algebra will be given in the next section. Corollary 1.6. The stratified symplectic Poisson algebra on the adjoint quotient detects the strata and hence their closures.
Proof. Indeed, the strata are swept out by the hamiltonian flows of the functions in the reduced (singular) Poisson algebra.
The reduced Poisson algebra
To arrive at an explicit description, we examine first a special case, in a manner which may look unnecessarily complicated but which prepares for the exploration of quantization in the general case.
We will use the holomorphic coordinates w = t + is on k C = C, and we endow S 1 with the standard Riemann metric. The exponential mapping from C to C * factors as
where the first arrow is the universal covering (which sends w = t + is to (e is , t)) and the second one the polar map
The Kähler potential (1.2) on S 1 ×R, combined with the universal covering projection, yields the Kähler potential κ on C given by
which, in turn, yields the standard Kähler form on C. Hence the induced Kähler structure on TS 1 is the ordinary flat one in such a way that the universal covering from k C = C to TS 1 is compatible with the Kähler structures where the complex plane C carries the standard structure. To arrive at an explicit formula on TS 1 ∼ = S 1 × R, write the Maurer-Cartan form on S 1 as dφ, let z = x + iy be the holomorphic coordinate on (the copy of) C (downstairs), and view C * as a subspace of C. Under the polar map, the cotangent bundle symplectic structure dtdφ on TS 1 ∼ = T * S 1 and the standard symplectic structure dxdy on C * (viewed as a subspace of C) are related by dxdy = e 2t dtdφ whence the induced symplectic structure on C * is given by 1 r 2 dxdy. Indeed, on C * , since t = 1 2 log(zz), we have
where log 2 (v) = (log v) 2 . Consequently, in terms of the variables x and y, the Poisson bracket on C * has the form
where r 2 = x 2 + y 2 as usual. In particular, the exponential mapping is a Poissson mapping, that is, the induced map from the algebra of smooth functions on C * to that on C is compatible with the Poisson brackets, i. e.
(2.1.5) {z, z} = {e w , e w } = e w e w {w, w} = −2ir 2 .
Thus the exponential mapping identifies the Poisson algebra on K C = C * with the Poisson subalgebra of the Poisson algebra on the complex plane k C which consists of smooth functions (upstairs) in the variables e w and e w (where as before w refers to the holomorphic coordinate on k C ). Equivalently, the Poisson algebra on K C = C * amounts to the Poisson subalgebra of smooth functions on the complex plane k C that are periodic, that is, invariant under the action of the group of deck transformations. (2.
2) The case of a general compact connected Lie group K: Let T be a maximal torus, let n = dim T , and let W be the Weyl group. As a smooth real symplectic manifold, the complex torus T C is identified, via the polar map, with the (total space of the) cotangent bundle T * T which, in turn, via the chosen Riemann metric, is identified with the (total space of the) tangent bundle TT and hence comes down to a product of n copies of S 1 ×R. As a stratified symplectic space, the symplectic quotient N = T * K K amounts to the orbit space T * T W and, since W acts symplectically, the Poisson algebra of smooth W -invariant functions on T * T yields the requisite stratified symplectic Poisson algebra (
n into C n in the obvious fashion and introduce the obvious holomorphic coordinates z j = x j + iy j (1 ≤ j ≤ n) on the ambient space C n ∼ = R 2n of (C * ) n ; in terms of these coordinates, in view of (2.1.4) above, the Poisson algebra on T * T is simply given by
or, equivalently, by
cf. (2.1.5), and all other Poisson brackets among the x 1 , . . . , x n 's and y 1 , . . . , y n 's or, equivalently among the z 1 , . . . , z n 's and z 1 , . . . , z n 's are zero. Notice that this Poisson structure is defined on the ambient space C n ∼ = R 2n , but it is symplectic only on (C * ) n . The real (semialgebraic) coordinate ring of the real quotient R 2n W is the algebra R[x 1 , y 1 , . . . , x n , y n ] W of W -invariants. Given a system of multiplicative generators f 1 , . . . , f m of the algebra of holomorphic W -invariants C[z 1 , . . . , z n ] W on the ambient space C n of T C , the real and imaginary parts of these generators or, equivalently, these generators and their complex conjugates, yield 2m smooth complex invariants, and these suffice to describe the quotient as a complex affine quotient. However the real and imaginary parts of the holomorphic generators will not multiplicatively generate the algebra of real invariants, and the Poisson brackets among the real and imaginary parts of the holomorphic invariants, calculated in the Poisson algebra R[x 1 , y 1 , . . . , x n , y n ] with Poisson bracket (2.2.1), yield new real invariants; equivalently, Poisson brackets of the kind {f j , f k } (1 ≤ j, k ≤ n), calculated in the complex Poisson algebra C[z 1 , z 1 , . . . , z n , z n ] with Poisson bracket (2.2.2) yield new complex invariants. Poisson brackets of the kind {f j , f k } and {f j , f k } (1 ≤ j, k ≤ n) are necessarily zero. The resulting affine Poisson algebra yields the singular real Poisson structure on the quotient. An explicit example will be given in (3.2) below.
On the Lie algebra t C ∼ = C n ∼ = R 2n , the W -invariant inner product coming from the inner product on k determines the ordinary flat Kähler structure on t C ∼ = C n and hence the ordinary smooth symplectic Poisson algebra on C n . In terms of coordinates t 1 , s 1 , . . . , t n , s n of the kind used in (2.1) above for the special case where n = 1, this is the standard Poisson algebra given by {t j , s k } = δ j,k . Pulling back the reduced Poisson algebra (C ∞ (N ), {·, ·}), first to T C , and thereafter to the Lie algebra t C ∼ = C n ∼ = R 2n of T C via the exponential mapping from t C to T C , identifies the Poisson algebra (C ∞ (N ), {·, ·}) with the Poisson subalgebra of the ordinary smooth symplectic Poisson algebra on C n which consists of smooth functions on C n that are invariant under the obvious action of the semidirect product Z n ⋊ W of the Weyl group with the integral lattice Z n or group of deck transformations for the exponential mapping from t C to T C .
3. Examples (3.1) K = U(n), the unitary group: now K C = GL(n, C), the standard maximal torus T C ∼ = (C * ) n consists of the diagonal matrices in GL(n, C), and the Weyl group W is the symmetric group S n on n letters which acts on (C * ) n by permutation of the factors. The adjoint quotient may be realized by means of the map
whose target identifies the adjoint quotient T C S n as a complex analytic space. Here the constituents σ 1 , . . . , σ n are the elementary symmetric functions; in fact, these are the restrictions of the characters of the fundamental (finite dimensional) representations of GL(n, C). After incorporation of the correct signs (which amounts to multiplying the j'th elementary symmetric function by (−1) j ) the description of the quotient map from GL(n, C) to the adjoint quotient in terms of polynomials given in the introduction follows immediately from these observations. The stratum corresponding to the partition n 1 + · · · + n k = n consists of the polynomials
it is a smooth k-dimensional complex manifold. Indeed, the normalizer of S n 1 × . . . × S n k in S n acts on the space of all
and the quotient is the corresponding stratum. According to the procedure explained in (2.2), determining the stratified symplectic Poisson algebra (C ∞ N, {·, ·}) on the reduced space N (or adjoint quotient of GL(n, C)) amounts now to calculating the Poisson brackets {σ j , σ k } (1 ≤ j, k ≤ n) in C[z 1 , z 1 , . . . , z n , z n ], endowed with the Poisson bracket (2.2.2), among the elementary symmetric functions in the variables z 1 , . . . , z n and their complex conjugates.
We now explain briefly the real stratified symplectic Poisson algebra in terms of the complexification of this algebra: For 1 ≤ m ≤ n, given m vectors u, v, . . . , w in R n or C n , let
Making all substitutions of z = (z 1 , . . . , z n ) or z = (z 1 , . . . , z n ) for u, v, . . . , w, we obtain a system of multiplicative generators of the algebra C[z 1 , z 1 , . . . , z n , z n ] S n of S n -invariants. See II.3 (p. 37) of [30] for details. This algebra of invariants is the complexification of the real semi-algebraic coordinate ring A[ T * T ] of the quotient of the ambient space where T * T ∼ = C n . These generators are not free, that is, the algebra is not a polynomial algebra, unless n = 1. In fact, for n > 1, real semi-algebraically, the quotient necessarily has singularities whence, being the coordinate ring of a space involving singularities, the algebra cannot be a polynomial algebra. In particular, substituting only z = (z 1 , . . . , z n ) (or z) for u, v, . . . , w, up to certain multiplicative constants, we obtain the elementary symmetric functions σ j (1 ≤ j ≤ n) in the variables z 1 , . . . , z n (or the elementary symmetric functions σ j (1 ≤ j ≤ n) in the variables z 1 , . . . , z n ). The Poisson brackets {σ j , σ j } are then determined by (2.2.2) and may be written as polynomials in the multiplicative generators. For example, when n = 2, σ 1 = z 1 + z 2 , σ 1 = z 1 + z 2 , and
(3.2) K = SU(n); now SU(n) C = SL(n, C). Complex analytically, the adjoint quotient for SL(n, C) is the subspace of the adjoint quotient
for GL(n, C) (cf. (3.1)) given by the equation σ n = 1. This subspace is an affine (n−1)-dimensional space (as it has to be, in view of Steinberg's result quoted earlier). (3.3) K = SU(2): Take the group of diagonal matrices in SU(2) as maximal torus T , and hence its complexification T C , the group of diagonal matrices of the kind z 0 0 z −1 (z = 0), as maximal torus in K C = SL(2, C). Under the identification
the action of the Weyl group W = Z/2 on T C amounts to the action on C * given by inversion. The holomorphic function
identifies the quotient C * W with the affine complex line C. In terms of the real and imaginary parts x and y of the holomorphic variable z = x + iy, the non-trivial element of W acts on C * via the assignment to (x, y) of ( r 2 . This is a smooth function on C * which is W -invariant and hence descends to the quotient as a continuous function. The formula (3.1.1), with z = z 1 and z −1 = z 2 , entails
and this simplifies to
further it is straightforward to determine the Poisson brackets {X, τ } and {τ, Y }, and a calculation shows
Hence, as a stratified Kähler space, the quotient is a copy of the complex line, and the stratified symplectic Poisson algebra is the algebra of smooth functions in the variables X, Y, τ , subject to the relation (3. 
amounts to twice the cosh function. Consequently, under the composite
of the polar map with f , the family of circles S 1 t = {(η, t); η ∈ S 1 } (t ∈ R) in S 1 × R (parallel to the zero section) goes to the family of curves
which are ellipses for t = 0; and the family of lines L η = {(η, t); t ∈ R} (η ∈ S 1 ) in the tangent directions goes to the family of curves
which are hyperbolas for η = ±1. The image of the circle S 1 0 is a double line segment between −2 and 2, the image of the line L 1 is a double ray, emanating from 2 into the positive real direction, and the image of the line L −1 is a double ray, emanating from −2 into the negative real direction. The two families are orthogonal and have the two singular points −2 and 2 as focal points. This is of course well known and entirely classical. In the cotangent bundle picture, the double line segment between −2 and 2 is the adjoint quotient of the base K = SU(2), indeed this line segment is exactly the fundamental alcove of SU(2), the family of hyperbolas which meet this line segment between −2 and 2 constitutes a cotangent bundle on this orbit space with the two singular points removed, and the plane, i. e. adjoint quotient of K C , with the two rays emanating from −2 and 2 removed, is the total space of this cotangent bundle; furthermore, the cotangent bundle symplectic structure is precisely that which corresponds to the reduced Poisson structure. However the cotangent bundle structure does not extend to the entire adjoint quotient T
In particular, this interpretation visualizes the familiar fact that, unless there is a single stratum, the strata arising from cotangent bundle reduction are not cotangent bundles on strata of the orbit space of the base space. On the universal cover of the maximal torus C * , which is a copy of C (i. e. the Lie algebra of C * ), the non-trivial element of W acts via multiplication by −1. Since κ(z) = κ(−z), for z ∈ C * , the potential function κ on C * , cf. (1.2), is invariant under the W -action and hence descends to a continuous function κ red on the reduced level (i.e. on the adjoint quotient N = SL(2, C) SL(2, C) ∼ = C * S 2 of SL(2, C)) which lies in C ∞ (N ) but which is not smooth in the usual sense at the two singular points and hence is not a smooth function of the two variables X and Y . Away from the two singular points, this function is an ordinary Kähler potential, but at these two points the Kähler structure is not even defined (as an infinitesimal object on the tangent space of N at any of these points). A familiar calculation gives
and, at Z = ±2, this function is manifestly not smooth in the variables X and Y where Z = X + iY wheras, in view of (1.2), at Z = ±2, the reduced potential κ red is given by
3.3.5. Remark. The real structure which underlies the adjoint quotient under discussion has received considerable attention: It is the "canoe", cf. [1] and [21] . This space is the reduced phase space for the spherical pendulum, the two singular points being absolute equilibria; cf. also [3] . To our knowledge, the complex analytic interpretation has not been observed in the literature. 3.3.6. Remark. For a general compact connected Lie group K, with maximal torus T , the composite of the exponential map from t C to T C with the quotient map to T C W has a similar interpretation in terms of holomorphic functions of n(= dim T ) variables on t C that are invariant under the integral lattice and the Weyl group. C) . The action of the group of deck transformations for the double covering SL(2, C) → SO(3, C) passes to an action of this group on the adjoint quotient SL(2, C) SL(2, C) which preserves the stratified Kähler structure. In view of (3.3) above, complex analytically, the adjoint quotient under discussion is just a copy of the complex plane C and, under the induced action of π 1 (SO(3, R)) ∼ = Z/2 on this complex plane, the nontrivial element sends z ∈ C to −z. Hence the squaring map z → z 2 realizes the quotient C (Z/2) complex analytically as an affine complex line. The stratified symplectic structure is given by the Z/2-invariants of the structure given in (3.3) above. In particular, there is now a single singular point, the point 4 ∈ C. (3.5) K = SU(3); then SU(3) C = SL(3, C). This group has three types of conjugacy classes: (i) the three central elements e, e (ii) conjugacy classes of elements of the kind diag(η, η, η −2 ); for diag(η, η, η −2 ) in SU(3), the conjugacy class in SU(3) is a 2-dimensional complex projective space; (iii) conjugacy classes of elements of the kind diag(η 1 , η 2 , η 3 ) where the η j 's are pairwise distinct (1 ≤ j ≤ 3); for diag(η 1 , η 2 , η 3 ) in SU(3), the conjugacy class in SU(3) is a flag space SU(3) T . Accordingly, the adjoint quotient T C S 3 has three strata which we denote by
, where the subscript refers to the corresponding type.
The Weyl group S 3 of SU(3) acts on the maximal torus T C = C * ×C * by restriction of the action on the maximal torus (C * ) 3 of U (3), and the adjoint quotient T C S 3 may be realized via the holomorphic map
2 ).
The restriction to the diagonal yields the holomorphic curve
which parametrizes the closure of the stratum S (ii) . This closure is an affine curve (in the adjoint quotient T C S 3 ∼ = C 2 ) having the three (complex) singularities (3, 3), 3(η, η 2 ), 3(η 2 , η), where η 3 = 1, η = 1; these are the images of the (conjugacy classes) of the three central elements. The singularities are presumably cuspidal (that is, the tangent cone is a complex line) but details have not been worked out yet.
Quantization
Let T be a real n-dimensional torus, let Q = T C = (C * ) n ⊆ C n , with its standard complex structure, introduce holomorphic coordinates z 1 , . . . , z n on Q in the obvious fashion, and let A = C ∞ (Q). The complexification A ⊗ C = C ∞ (Q, C) thereof is the algebra of smooth functions in the variables z 1 , . . . , z n , z 1 , . . . , z n . We will use the notation z = (z 1 , . . . , z n ) and z = (z 1 , . . . , z n ). Consider the Poisson structure {·, ·} on Q given by (2.2.2), that is by the formulas
where all other Poisson brackets among the generators are zero. This Poisson bracket is symplectic. In view of (2.1.3), the function
is a potential for the Kähler structure which, under the polar map from T × t to T C , comprises the cotangent bundle symplectic structure and standard Riemann metric. Thus the space T C may be viewed as the (unreduced) classical phase space of a system of n particles moving on a circle with kinetic energy 1 2 κ. Accordingly, with reference to the action of the symmetric group S n by permutation of the particles, the quotient T C S n which, on the one hand, in view of Section 1 above, arises as the adjoint quotient of GL(n, C) or, equivalently, reduced phase space of the cotangent bundle on U(n), may be interpreted as the (reduced) classical phase space of a system of n indistinguishable particles moving on a circle with kinetic energy 1 2 κ. For a general Lie group K, the same kind of interpretation is available, with T a maximal torus in K and S n replaced with the Weyl group, but we will stick to the present case.
With an eye towards the S n -symmetry, we will now compare the vertical and holomorphic quantization of the unreduced system in the framework of geometric quantization. See [31] and [5] for details.
The holomorphic quantization behaves well with respect to reduction [15] since under Kähler reduction the holomorphic polarization descends to a holomorphic polarization on each stratum whereas the vertical polarization of a cotangent bundle does not induce real polarizations on the strata (unless the base manifold has a single stratum). This phenomenon is nicely illustrated by the Example 3.3 above, cf. (3.3.4) . Since the kinetic energy cannot be directly quantized in the holomorphic quantization we will also need the vertical quantization, though.
Since the symplectic form ω = dtdφ is exact, we take the trivial complex line bundle ζ: L = Q × C → Q on Q as prequantum bundle. Let ·, · be the trivial hermitian metric on ζ. Write 1 ζ for the obvious section of ζ which assigns the constant value 1 to any point of Q. In view of the familiar identity
whence, up to sign, τ is the standard symplectic potential, that is,
In the standard fashion, define the connection ∇ on ζ by means of (4.1.5)
where X is any smooth vector field on Q. (Notice this is the correct definition since we have dτ = ω without the minus sign, that is, τ is the negative of the standard fundamental cotangent bundle 1-form.) This connection has curvature −iω, and ordinary prequantization assigns to a smooth real function f on Q the operator f on the space Γ ∞ (ζ) of smooth sections of ζ given by
here {·, ·} refers to the symplectic Poisson algebra associated with ω. With reference to the hermitian structure, the connection ∇ is the ordinary hermitian connection. The vertical polarization is spanned by the vector fields ∂ ∂t j
, and the section 1 ζ is a covariantly constant frame, whence polarized sections correspond exactly to smooth functions on the base T , where Q = T C is viewed as the total space of the cotangent bundle of T . Hence the vertical quantum Hilbert space is the completion (L 2 (T ), dη) of the space of square integrable functions on T with respect to Haar measure dη. The induced S n -action amounts simply to permutation of the factors.
It is well known that quantization of the kinetic energy E = ∆ T , where ∆ T is the Laplace operator on T associated with the Riemann metric.
On the other hand, the (anti)holomorphic polarization is spanned by the vector fields ∂ ∂z j , and the section e − κ 2 1 ζ is well known to be a covariantly constant frame for the holomorphic polarization. Indeed, since
we have
The frame e 
where ω is the symplectic structure on Q, that is, in terms of the chosen coordinates
Hence the holomorphic quantum Hilbert space HL 2 (T C , e −κ ε n ) is the completion of the space of square integrable holomorphic sections. Again the induced S n -action amounts simply to permutation of the coordinates. As a consistency check we note that, since e * T when the latter is identified with T C via the polar map from T * T ∼ = TT to T C . Indeed, for n = 1, the normalization is given by the integral
with respect to the symplectic volume form dtdφ on S 1 × R.
(4.
2) The Bargmann-Segal transform. We will apply the description in Section 2 of [5] to the special case where the group K in [5] is our torus T . Henceforth we will discard 1 ζ in notation and identify sections of ζ with functions on Q in the obvious fashion. Given a holomorphic function φ on T C and a smooth function f on T , the value φ, f of the requisite pairing is given by the expression
[5] (2.17). We have discarded the additional function coming into play in this integral and written as ζ in [5] ; this function incorporates the metaplectic correction but is constant for abelian groups whence we may safely ignore it. By Theorem 2.6 in [5] , there exists a unique bounded linear operator
For a smooth function f on T , up to a constant, Πf is the unique holomorphic function on T C whose restriction to T is given by e Consequently, via the Bargmann-Segal transform, in the holomorphic quantization on T C = C * , the energy operator E is given by
In particular, the Hilbert space for a fixed value m of the energy is finite dimensional and spanned by the Laurent polynomials z 3) Reduction after quantization. This amounts simply to passing to S ninvariants. The Hilbert space isomorphism bΠ from (L 2 (T ), dη) onto HL 2 (T C , e −κ ε n ) is compatible with the S n -actions and hence passes to an isomorphism (4.3.1) bΠ: (L 2 (T ), dη) S n − → HL 2 (T C , e −κ ε n )
S n Via this isomorphism we can, in particular, quantize the kinetic energy on the reduced level to a self adjoint operator on (L 2 (T ), dη) S n and hence on HL 2 (T C , e −κ ε n ) S n . This quantizes the reduced geodesic flow via reduction after quantization. (4.4) Quantization after reduction. The holomorphic quantization procedure developed in [15] for stratified Kähler spaces, applied to HL 2 (T C , e −κ ε n ), is equivalent to ordinary Kähler quantization. However the procedure in [15] is more general and applies to the stratified Kähler space T C S n in such a way that (i) the resulting Hilbert space H(T C S n ) is canonically isomorphic to HL 2 (T C , e −κ ε n ) and (ii) quantization of invariant observables upstairs is equivalent to quantization of the corresponding reduced observables downstairs. Actually, the holomorphic quantization procedure in [15] yields a costratified Hilbert space, that is, a system of Hilbert spaces, one Hilbert space for the closure of each stratum, with linear maps among these Hilbert spaces which correspond to the closure relation among the strata.
This kind of stratified quantization procedure is not available for the vertical quantization since, as noted above, the vertical polarization behaves badly under reduction. However, using the isomorphism (4.3.1), we may transfer the costratified Hilbert space structure to (L 2 (T ), dη) S n and in this fashion obtain a replacement for the non-existent vertical quantizations of the strata. We can then study the question which kind of physical effects are hidden in the lower strata. (4.5) Illustration. Let n = 2. The group S 2 is cyclic of order 2 and the invariant Laurent polynomials are multiplicatively generated by z 1 + z 2 , z 1 z 2 , z where . . . is a certain degree m polynomial in (z 1 + z 2 ) and z 1 z 2 which does not involve (z 1 + z 2 ) m ; likewise
Imposing the constraint z 1 z 2 = 1, that is, passing to the adjoint quotient of SL(2, C), and writing z = z 1 , z −1 = z 2 , and Z = z + z −1 as in (3.3) above, we obtain the reduced energy operator on the quantum Hilbert space for the adjoint quotient of SL(2, C) as
where . . . is a certain polynomial in the variable Z of degree m − 1 (which can of course be determined). This quantizes the reduced energy function 1 2 κ red on the adjoint quotient of SL(2, C) where κ red is the function given as (3.3.4.1) above. To quantize this reduced energy function, instead of passing through GL(2, C) we may, of course, apply the entire procedure directly to SL(2, C), its maximal torus, which is a copy of C * , and thereafter to the quotient C * S 2 ∼ = C.
